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AN ANALOGUE OF WILTON’S FORMULA AND VALUES
OF DEDEKIND ZETA FUNCTIONS
SOUMYARUP BANERJEE, KALYAN CHAKRABORTY AND AZIZUL HOQUE
Abstract. J. R. Wilton obtained a formula for the product of two
Riemann zeta functions. This formula played a crucial role to find the
approximate functional equation for the product of two Riemann zeta
functions in the critical region. We find an analogous formula for the
product of two Dedekind zeta functions and then use this formula to find
closed form expressions for Dedekind zeta values attached to arbitrary
real as well as quadratic number fields at any positive integer.
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1. Introduction
G. H. Hardy and J. E. Littlewood [6] obtained an approximate functional
equational for Riemann zeta function in the critical region. Later, in the
same way of thought, J. R. Wilton [16] in 1930 gave an approximate func-
tional equation for the product of two Riemann zeta functions in the critical
region. The main ingredient used to arrive on to the above mentioned ap-
proximate functional equation is the following formula:
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Theorem A (Wilton’s formula). Let R(u) > −1, R(v) > −1, R(u+v) > 0
and u+ v 6= 2, then
ζ(u)ζ(v) = ζ(u+ v − 1)
(
1
u− 1 +
1
v − 1
)
+ 2(2pi)u−1
∞∑
n=1
σ1−u−v(n)nu−1u
×
∫ ∞
2npi
x−u−1 sinxdx+ 2(2pi)v−1
∞∑
n=1
σ1−u−v(n)nv−1v
∫ ∞
2npi
x−v−1 sinxdx,
where σz(n), z being an arbitrary (complex) number, denotes the sum of d
z
over all the divisors d of n.
Wilton’s approach to prove Theorem A involves techniques of real and
complex analysis. Recently, D. Banerjee and J. Mehta [1] gave an alternative
proof of Theorem A using number theoretic approach, and a similar result
for Hurwitz zeta functions appeared in [15]. In this paper, we obtain an
analogous result to that of Theorem A in number fields. More precisely, we
find an expression for the product of two Dedekind zeta functions attached
to arbitrary real (resp. imaginary) quadratic number fields. This expression
involves Meijor G-function as its error term. We then use these formulae to
find a closed form expression of Dedekind zeta values for quadratic number
fields at any positive integer. The ultimate goal is to find explicit formula for
calculating special values of Dedekind zeta functions, which we are unable to
find at this point. To the best of our knowledge these closed form expressions
are new and are of some interests.
1.1. Statements of results.
We shall begin by recalling some definitions and fix up notations to be used
in this paper. Let K be a number field of degree d with signature (r1, r2) (i.
e., d = r1+2r2) and OK be it’s ring of integers. Let N be the norm map of
K over Q. Then the Dedekind zeta function attached to K is defined by
ζK(s) =
∑
a⊂OK
1
N(a)s
=
∏
p⊂OK
(
1− 1
N(p)s
)−1
, R(s) > 1,
where a and p run over the non-zero ideals and prime ideals of OK respec-
tively. If vK(m) denotes the number of non-zero integral ideals in OK with
norm m, then ζK can also be expressed as
ζK(s) =
∞∑
m=1
vK(m)
ms
.
Let
σ′m,vK (n) :=
∑
t|n
tmvK(t)vK(
n
t
),
for any integer m, and any positive integer n.
The Meijer G-function is a sum of hypergeometric functions each of which
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is usually an entire function. It is written as on the left hand side of the
following equation and defined in [12] by the integral on the right hand side
Gm, np, q
(
a1, · · · , ap
b1, · · · , bq
∣∣∣∣ z
)
=
1
2pii
∫
(C)
m∏
j=1
Γ(bj − s)
n∏
j=1
Γ(1− aj + s)
q∏
j=m+1
Γ(1− bj + s)
p∏
j=n+1
Γ(aj − s)
zsds.
The poles of the integrand must be simple and those of Γ(bj − s), j =
1, · · · ,m, must lie on one side of the contour C and those of Γ(1−aj+s), j =
1, · · · , n, must lie on the other side of C.
Throughout the paper DK , hK , RK and wK denote the discriminant, the
class number, the regulator and the number of roots of unity in the number
field K, respectively. We are now in a position to state the main result on
the product of two Dedekind zeta functions.
Theorem 1.1. Let R(u) > −1, R(v) > −1, R(u + v) > 0, u 6= 1, v 6= 1
and u+ v 6= 2. Then for real quadratic number fields K,
ζK(u)ζK(v) =
4hKRK
wKD
1
2
K
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)− 2(2pi)2(u−1) ×
D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2me−ipi
)
−
e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2m
)}
− 2(2pi)2(v−1) ×
D
1−2v
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
{
− eipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2me−ipi
)
−
e−ipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2m
)}
. (1.1)
Also for imaginary quadratic number fields K,
ζK(u)ζK(v) =
2pihK
wK |DK | 12
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)− (2pi)2u−1 ×
|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
∫ 4pi2m
|DK |
0
t−uJ0(2t1/2)dt− (2pi)2v−1 ×
|DK |
1−2v
2
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
∫ 4pi2m
|DK |
0
t−vJ0(2t1/2)dt. (1.2)
We make a few remarks before proceeding further.
Remark 1.1. Theorem 1.1 reduces to Theorem A when K = Q.
Remark 1.2. A similar line of argument as adopted in the proof should entail
a version of Theorem 1.1 for higher degree number fields using other Meijer
4 SOUMYARUP BANERJEE, KALYAN CHAKRABORTY AND AZIZUL HOQUE
G-functions as well as for the product of finite number (> 2) of Dedekind
zeta functions. Obviously, the complications will increase manifold.
Remark 1.3. One can extend the range of Theorem 1.1 using analytic con-
tinuation on both sides.
1.2. Special values of Dedekind zeta functions: Earlier works.
The values of Dedekind zeta functions at rational integers are closely related
to the algebraic characters of the attached number fields. These values are
linked in mysterious ways to the underlying geometry and often seem to
dictate the most important properties of the objects to which the Dedekind
zeta functions are connected. To represent these values as clearly as possible
is one of the most important tasks in the present years. Over the decades,
many mathematicians have been working on this project.
In 1734, L. Euler established a celebrated result, which states that ζ(2m)
is a rational multiple of pi2m for all natural numbers m. After a couple
of centuries, H. Klingen [9] and C. L. Siegel [14] independently generalized
this result for Dedekind zeta function attached to an arbitrary totally real
number field. More precisely, they proved for a totally real number field K
that
ζK(2m) = rational× pi
2dm
√
DK
,
where d is the degree of K over Q. In the same paper [14], C. L. Siege de-
veloped (using finite dimensionality of elliptic modular forms) an innovative
method of computing the special values of Dekind zeta functions attached
to arbitrary totally real number fields at negative odd integers, and a par-
ticular interesting case is at s = −1. However, evaluation of special values
of a Dedekind zeta function by means of this method requires complicated
computations. The residue of a Dedekind zeta function attached to an ar-
bitrary number field K at s = 1 gives the analytic class number formula
that involves hK , RK , wK and the absolute value of DK . The problem of
expressing the special values of Dedekind zeta functions in terms of elemen-
tary functions was first studied by D. Zagier [19, 18]. In [19], he obtained
an expression for the values of Dedekind zeta functions attached to real
quadratic number fields at negative integers using Kronecker limit formula.
Siegel’s method in [14] has been exploited by D. Zagier to give an elementary
expression for ζK(1 − 2s) in [18], where K is a real quadratic number field
and s is a positive integer, which involves only rational integers, but neither
algebraic numbers nor norms of ideals. In 1976, T. Shintani [13], using an
impressive linear programming method, expressed Dedekind zeta function
attached to a totally real number field into a finite sum of functions, each
given by a Dirichlet series whose meromorphic continuation assumes rational
values at negative integers. He also obtained a formula to express ζK(−n)
for n = 0, 1, 2, · · · . However, little is known about the number ζK(2m) for
the number field K which is not totally real. In 1986, D. Zagier [17] ob-
tained a formula for ζK(2) for an arbitrary number field K. His method is
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completely geometric, where it involves the interpretation of ζK(2) as the
volume of a hyperbolic manifold. Since it is the only ζK(2) which can be in-
terpreted geometrically, this method fails to obtain the formula for ζK(2m)
as well as for ζK(2m+ 1) for all natural numbers m. In the same paper, D.
Zagier found a nice expression for ζK(2) attached to an imaginary quadratic
number field K.
In this article, we are able to find closed form expressions for the values
of Dedekind zeta functions attached to arbitrary real (resp. imaginary)
quadratic number fields at any positive integers. Zagier’s result on ζK(2)
plays a crucial role in finding these expressions.
1.3. Structure of the paper.
This paper comprises of 5 sections. In §2, we discuss the main ingredients
that are needed to prove our results. In §3, we provide the proof of Theo-
rem 1.1. In §4, we discuss a work of D. Zagier on the values of Dedekind
zeta functions. We also discuss the closed form expressions for the values of
Dedekind zeta function for both real and imaginary quadratic number fields
at any positive integers. In §5, we discuss some important remarks.
2. Background setup
Riesz means were introduced by M. Riesz [7] and have been studied in
connection with summability of Fourier series and that of Dirichlet series
(for details, we refer [3, 5, 8]). For a given increasing sequence {λn} of real
numbers and a given sequence {αn} of complex numbers, the Riesz sum of
order κ is defined by
Aκ(x) = Aκλ(x) =
∑′
λn≤x
(x− λn)καn
= κ
∫ x
0
(x− t)κ−1Aλ(t)dt
=
∫ x
0
(x− t)κdAλ(t)
with Aλ(x) = A0λ(x) =
∑′
λn≤x
αn, where the prime on the summation sign
means that when λn = x, the corresponding term is to be halved. Sometimes
normalized 1Γ(κ+1)Aκ(x) that appears in the Perron’s formula
1
Γ(κ+ 1)
∑′
λn≤x
αn(x− λn)κ = 1
2pii
∫
(C)
Γ(w)ϕ(w)xκ+w
Γ(w + κ+ 1)
dw
is also called the Riesz sum of order κ with ϕ(w) =
∞∑
n=1
αn
λwn
.
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We consider the Dirichlet series
ϕ(s) =
∞∑
n=1
αn
λsn
and Φ(s) =
∞∑
m=1
am
γsm
,
where {λn} and {γm} are increasing sequences of real numbers. Here αn and
am are complex numbers, and we assume that these series are continued to
meromorphic functions over the whole complex plane, and that they satisfy
suitable growth conditions.
Further we consider the following integral,
Fκ(C)(ϕ(u),Φ(v);x) =
1
2pii
∫
(C)
Γ(w)
Γ(w + κ+ 1)
ϕ(u+ w)Φ(v − w)xw+κdw
=
1
2pii
∞∑
m=1
am
γvm
∫
(C)
Γ(w)
Γ(w + κ+ 1)
∞∑
n=1
αn
λu+wn
γwmx
w+κdw
=
1
2pii
∞∑
m=1
am
γv+κm
∫
(C)
Γ(w)
Γ(w + κ+ 1)
∞∑
n=1
αn
λu+wn
(γmx)
w+κdw
=
1
Γ(κ+ 1)
∞∑
m=1
am
γv+κm
∑′
λn≤γmx
αnλ
−u
n (γmx− λn)κ.
Similarly we have,
Fκ(C)(Φ(v), ϕ(u);x) =
1
Γ(κ+ 1)
∞∑
n=1
αn
λu+κn
∑′
γm≤λnx
amγ
−v
m (λnx− γm)κ.
Let ϕ(u) = ζK(u) and Φ(v) = ζK(v) with order κ = 1. Then by using the
above expressions we obtain,
F1(C)(ζK(u), ζK(v);x) + F1(C)(ζK(v), ζK(u);x)
=
∞∑
m=1
vK(m)
mv+1
∑′
n≤mx
vK(n)
nu
(mx− n) +
∞∑
n=1
vK(n)
nu+1
∑′
m≤nx
vK(m)
mv
(nx−m).
We now differentiate with respect to x and then substitute x = 1 to obtain
(F1(C)(ζK(u), ζK(v); 1))′ + (F1(C)(ζK(v), ζK(u); 1))′
=
∞∑
m=1
vK(m)
mv
∑′
n≤m
vK(n)
nu
+
∞∑
n=1
vK(n)
nu
∑′
m≤n
vK(m)
mv
.
M. Nakajima [11] introduced a dissection (termed as ‘Nakajima dissection’)
involving the splitting of a double sum
∞∑
m,n=1
=
∞∑
m=1
∑′
n≤m
+
∞∑
n=1
∑′
m≤n
.
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This dissection technique immediately gives,
(F1(C)(ϕ(u),Φ(v); 1))′ + (F1(C)(Φ(v), ϕ(u); 1))′
=
∞∑
m=1
vK(m)
mv
∞∑
n=1
vK(n)
nu
= ζK(u)ζK(v). (2.1)
3. Proof of the Theorem 1.1
The Riesz sum set up, Perron’s formula and Nakajima dissection are the
main ingredients in this proof. Let
Fκ(−B)(ζK(u), ζK(v);x) =
1
2pii
∫
(−B)
Γ(w)
Γ(w + κ+ 1)
ζK(u+w)ζK(v−w)xw+κdw
(3.1)
with 0 < R(u) − 1 < B < 32 + κ and 0 < R(v) − 1 < B < 32 + κ. The
functional equation satisfied by ζK(u+ w) is
ζK(u+ w) = 2
−r2(1−2u−2w)pi−
d
2
(1−2u−2w)|DK |
1−2u−2w
2
Γ(1−u−w2 )
r1
Γ(u+w2 )
r1
× Γ(1− u− w)
r2
Γ(u+ w)r2
ζK(1− u− w). (3.2)
Now we have,
Γ(1−u−w2 )
r1
Γ(u+w2 )
r1
=
[
Γ(1−u−w2 )Γ(1− u+w2 )
]r1[
Γ(u+w2 )Γ(1− u+w2 )
]r1
=
[
Γ(1−u−w2 )Γ(
1
2 +
1−u−w
2 )
]r1(
pi
sin pi
2
(u+w)
)r1
=
(
2u+w√
pi
)r1(
sin
pi
2
(u+ w)
)r1
Γ(1− u− w)r1 . (3.3)
Similarly,
Γ(1− u− w)r2
Γ(u+ w)r2
=
Γ(1− u− w)2r2
{Γ(u+ w)Γ(1 − u− w)}r2
=
(
sinpi(u+ w)
pi
)r2
Γ(1− u− w)2r2 . (3.4)
Using (3.3) and (3.4) in (3.2), we obtain
ζK(u+ w) = 2
d(u+w)pi−d(1−u−w)|DK |
1−2u−2w
2 {sin pi
2
(u+ w)}r1+r2
× {cos pi
2
(u+ w)}r2Γ(1− u−w)dζK(1− u− w).
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Thus (3.1) becomes
Fκ(−B)(ζK(u), ζK(v);x) =
1
2pii
∫
(−B)
Sκ(w)f(w)2
d(u+w)pi−d(1−u−w)
× |DK |
1−2u−2w
2 {sin pi
2
(u+ w)}r1+r2{cos pi
2
(u+w)}r2
× Γ(1− u− w)dxw+κdw. (3.5)
Here Sκ(w) =
Γ(w)
Γ(w+κ+1) and f(w) = ζK(1 − u− w)ζK(v − w).
We now consider K to be a quadratic number field. Then (3.5) becomes
Fκ(−B)(ζK(u), ζK(v);x) =
1
2pii
∫
(−B)
Sκ(w)f(w)2
2(u+w)pi−2(1−u−w)
× |DK |
1−2u−2w
2 {sin pi
2
(u+ w)}r1+r2{cos pi
2
(u+w)}r2
× Γ(1− u− w)2xw+κdw.
Employing change of variables and assuming that R(u) < B,
Fκ(−B)(ζK(u), ζK(v);x) =
2
pii
∫
(B)
Sκ(−z)f(−z)(2pi)−2(1−u+z)
× |DK |
1−2u+2z
2 {sin pi
2
(u− z)}r1+r2{cos pi
2
(u− z)}r2
× Γ(1− u+ z)2x−z+κdz. (3.6)
Again,
f(−z) = ζK(1− u+ z)ζK(v + z)
=
∞∑
m=1
vK(m)
m1−u+z
∞∑
m=1
vK(m)
mv+z
=
∞∑
m=1
∑
d|m d
−v mu−1
du−1
vK(d)vK(
m
d )
mz
=
∞∑
m=1
∑
d|m d
1−u−vvK(d)vK(md )
m1−u+z
=
∞∑
m=1
σ′1−u−v,vK (m)
m1−u+z
.
Therefore (3.6) implies that
Fκ(−B)(ζK(u), ζK(v);x) =
2
pii
(2pi)2(u−1)|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
∫
(B)
Sκ(−z)
( |DK |
4pi2m
)z
{sin pi
2
(u− z)}r1+r2
× {cos pi
2
(u− z)}r2Γ(1− u+ z)2x−z+κdz.
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Putting κ = 1, we have
F1(−B)(ζK(u), ζK(v);x) =
2
pii
(2pi)2(u−1)|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
∫
(B)
( |DK |
4pi2m
)z
{sin pi
2
(u− z)}r1+r2
× {cos pi
2
(u− z)}r2Γ(1− u+ z)2 x
−z+1
z(z − 1)dz.
(3.7)
We treat real and imaginary cases separately.
Case-I: Real quadratic number fields:
In this case r1 = 2 and r2 = 0. Thus (3.7) gives
F1(−B)(ζK(u), ζK(v);x) = −
1
2pii
(2pi)2(u−1)D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
∫
(B)
(
DK
4pi2m
)z(
eipi(u−z) + e−ipi(u−z) − 2
)
× Γ(1− u+ z)2 x
−z+1
z(z − 1)dz. (3.8)
Let
HB(u;x) =
∫
(B)
(
DK
4pi2m
)z
eipi(u−z)Γ(1− u+ z)2 x
−z+1
z(z − 1)dz.
We differentiate HB(u;x) with respect to x and get,
H ′B(u;x) = −eipiu
∫
(B)
(
DK
4pi2mx
e−ipi
)z Γ(1− u+ z)2
z
dz
= −eipiu
∫
(B)
(
DK
4pi2mx
e−ipi
)z Γ(z)Γ(1− u+ z)Γ(1 − u+ z)
Γ(z + 1)
dz
= −2piieipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxe−ipi
)
.
Also let,
HB(u;x) =
∫
(B)
(
DK
4pi2m
)z
e−ipi(u−z)Γ(1− u+ z)2 x
−z+1
z(z − 1)dz.
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As before differentiating with respect to x gives
H′B(u;x) = −e−ipiu
∫
(B)
(
DK
4pi2mx
eipi
)zΓ(1− u+ z)2
z
dz
= −e−ipiu
∫
(B)
(
DK
4pi2mx
eipi
)zΓ(z)Γ(1 − u+ z)Γ(1− u+ z)
Γ(z + 1)
dz
= −2piie−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxeipi
)
.
Further, let
HB(u;x) = 2
∫
(B)
(
DK
4pi2m
)z
Γ(1− u+ z)2 x
−z+1
z(z − 1)dz.
As before,
H′B(u;x) = −2
∫
(B)
(
DK
4pi2mx
)z Γ(1− u+ z)2
z
dz
= −2
∫
(B)
(
DK
4pi2mx
)z Γ(z)Γ(1 − u+ z)Γ(1− u+ z)
Γ(z + 1)
dz
= −4piiG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mx
)
.
Thus we have,
H ′B(u;x) +H′B(u;x) +H′B(u;x) = −2piieipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxe−ipi
)
− 2piie−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxeipi
)
− 4piiG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mx
)
. (3.9)
Therefore (3.8) becomes
(F1(−B)(ζK(u), ζK(v);x))′ = 2(2pi)2(u−1)D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxe−ipi
)
− e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxeipi
)
−2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mx
)}
. (3.10)
Now using Cauchy’s residue theorem, we have,
F1(C)(ζK(u), ζK(v);x) = F1(−B)(ζK(u), ζK(v);x) + xζK(u)ζK(v)−
ζK(u− 1)ζK(v + 1) + ζK(u+ v − 1)x
2−u
(u− 2)(u − 1)
4hKRK
wKD
1
2
K
.
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Further differentiating with respect to x gives,
(F1(C)(ζK(u), ζK(v);x))′ = (F1(−B)(ζK(u), ζK(v);x))′ + ζK(u)ζK(v)−
ζK(u+ v − 1)x1−u
u− 1
4hKRK
wKD
1
2
K
. (3.11)
Now (3.10) and (3.11) together imply,
(F1(C)(ζK(u), ζK(v);x))′ = 2(2pi)2(u−1)D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxe−ipi
)
− e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mxeipi
)
−2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2mx
)}
+ ζK(u)ζK(v)− ζK(u+ v − 1)x
1−u
u− 1
×4hKRK
wKD
1
2
K
.
We now substitute x = 1,
(F1(C)(ζK(u), ζK(v); 1))′ = 2(2pi)2(u−1)D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2me−ipi
)
− e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2meipi
)
−2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2m
)}
+ ζK(u)ζK(v) − ζK(u+ v − 1)
u− 1
×4hKRK
wKD
1
2
K
. (3.12)
Similarly we have,
(F1(C)(ζK(v), ζK(u); 1))′ = 2(2pi)2(v−1)D
1−2v
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
×
{
− eipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2me−ipi
)
− e−ipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2meipi
)
−2G0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2m
)}
+ ζK(u)ζK(v) − ζK(u+ v − 1)
v − 1
×4hKRK
wKD
1
2
K
. (3.13)
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Now we add (3.12) and (3.13), and further utilising (2.1) arrive at
ζK(u)ζK(v) = 2ζK(u)ζK(v) − 4hKRK
wKD
1
2
K
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)
+2(2pi)2(u−1)D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2me−ipi
)
−e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2m
)}
+ 2(2pi)2(v−1)
×D
1−2v
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
{
− eipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2me−ipi
)
−e−ipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2m
)}
.
Which implies that,
ζK(u)ζK(v) =
4hKRK
wKD
1
2
K
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)− 2(2pi)2(u−1)
× D
1−2u
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
{
− eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2me−ipi
)
− e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, u, u
0,−
∣∣∣∣ DK4pi2m
)}
− 2(2pi)2(v−1)
× D
1−2v
2
K
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
{
− eipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2me−ipi
)
− e−ipivG0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2meipi
)
− 2G0,33,1
(
1, v, v
0,−
∣∣∣∣ DK4pi2m
)}
.
This concludes the proof of this case.
Case-II: Imaginary quadratic number fields:
In this case r1 = 0 and r2 = 1. Thus (3.7) implies that,
F1(−B)(ζK(u), ζK(v);x) =
1
pii
(2pi)2(u−1)|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
×
∫
(B)
( |DK |
4pi2m
)z
sinpi(u− z)Γ(1− u+ z)2 x
−z+1
z(z − 1)dz
= − 1
2pi
(2pi)2(u−1)|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
× (IB(u;x)− IB(u;x)), (3.14)
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where,
IB(u;x) =
∫
(B)
( |DK |
4pi2m
)z
eipi(u−z)Γ(1− u+ z)2 x
−z+1
z(z − 1)dz,
and
IB(u;x) =
∫
(B)
( |DK |
4pi2m
)z
e−ipi(u−z)Γ(1− u+ z)2 x
−z+1
z(z − 1)dz.
Proceeding analogously we differentiate IB(u;x) with respect to x and get,
I ′B(u;x) = −eipiu
∫
(B)
( |DK |
4pi2mx
e−ipi
)z Γ(1− u+ z)2
z
dz
= −eipiu
∫
(B)
( |DK |
4pi2mx
e−ipi
)z Γ(z)Γ(1 − u+ z)Γ(1− u+ z)
Γ(z + 1)
dz
= −2piieipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ |DK |4pi2mxe−ipi
)
. (3.15)
Again differentiating IB(u;x) with respect to x, we get
I ′B(u;x) = −e−ipiu
∫
(B)
( |DK |
4pi2mx
eipi
)z Γ(1− u+ z)2
z
dz
= −2piie−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ |DK |4pi2mxeipi
)
. (3.16)
We now recall the following relation (see, relation (14) [2, pp.210]) which is
needed to proceed further:
Gm, np, q
(
a1, · · · , ap
b1, · · · , bq
∣∣∣∣ z
)
=
1
2pii
{
epiian+1Gm, n+1p, q
(
a1, · · · , ap
b1, · · · , bq
∣∣∣∣ ze−pii
)
− e−piian+1Gm, n+1p, q
(
a1, · · · , ap
b1, · · · , bq
∣∣∣∣ zepii
)}
(3.17)
whenever n ≤ p− 1.
Subtracting (3.16) from (3.15) and then applying (3.17) we obtain,
I ′B(u;x) − I ′B(u;x) = −2pii
{
eipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ |DK |4pi2mxe−ipi
)
− e−ipiuG0,33,1
(
1, u, u
0,−
∣∣∣∣ |DK |4pi2mxeipi
)}
= 4pi2G0,23,1
(
1, u, u
0,−
∣∣∣∣ |DK |4pi2mx
)
. (3.18)
We further recall the following important relation (see, relation (9) [2, pp.209])
to rewrite (3.18) in suitable form:
Gm, np, q
(
a1, · · · , ap
b1, · · · , bq
∣∣∣∣ 1z
)
= Gn, mq, p
(
1− b1, · · · , 1 − bq
1− a1, · · · , 1− ap
∣∣∣∣ z
)
. (3.19)
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Applying relation (3.19) in (3.18), we obtain
I ′B(u;x)− I ′B(u;x) = 4pi2G2,01,3
(
1
0, 1− u, 1− u
∣∣∣∣ 4pi
2mx
|DK |
)
. (3.20)
Putting X = 4pi
2mx
|DK | in
G2,01,3
(
1
0, 1 − u, 1− u
∣∣∣∣ 4pi
2mx
|DK |
)
,
we have
G2,01,3
(
1
0, 1− u, 1− u
∣∣∣∣ X
)
= − 1
2pii
∫
(B)
Γ(1− u− s)
Γ(u+ s)
Xs
s
ds
= − 1
2pii
∫ X
0
∫
(B)
Γ(1− u− s)
Γ(u+ s)
ts−1ds dt
= −
∫ X
0
G1,00,2
( −
−u,−u
∣∣∣∣ t
)
dt
= −
∫ X
0
t−uJ0(2t1/2)dt. (3.21)
(3.14) differentiated with respect to x becomes
(F1(−B)(ζK(u), ζK(v);x))′ = (2pi)2u−1|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)
× mu−1
∫ X
0
t−uJ0(2t1/2)dt.
Using Cauchy’s residue theorem, we get
(F1(C)(ζK(u), ζK(v);x))′ = (2pi)2u−1|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)
× mu−1
∫ X
0
t−uJ0(2t1/2)dt + ζK(u)ζK(v)
− ζK(u+ v − 1)x
1−u
u− 1
2pihK
wK |DK | 12
.
Further substituting x = 1,
(F1(C)(ζK(u), ζK(v); 1))′ = (2pi)2u−1|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)
× mu−1
∫ 4pi2m
|DK |
0
t−uJ0(2t1/2)dt + ζK(u)ζK(v)
− ζK(u+ v − 1)
u− 1
2pihK
wK |DK | 12
. (3.22)
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Similarly we obtain,
(F1(C)(ζK(v), ζK(u); 1))′ = (2pi)2v−1|DK |
1−2v
2
∞∑
m=1
σ′1−u−v,vK (m)
× mv−1
∫ 4pi2m
|DK |
0
t−vJ0(2t1/2)dt + ζK(u)ζK(v)
− ζK(u+ v − 1)
v − 1
2pihK
wK |DK | 12
. (3.23)
Adding (3.22) and (3.23), and then applying (2.1) we obtain,
ζK(u)ζK(v) = 2ζK(u)ζK(v)− 2pihK
wK |DK | 12
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)
+ (2pi)2u−1|DK |
1−2u
2
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
∫ 4pi2m
|DK |
0
t−uJ0(2t1/2)dt
+ (2pi)2v−1|DK |
1−2v
2
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
∫ 4pi2m
|DK |
0
t−vJ0(2t1/2)dt.
Finally this gives the required result:
ζK(u)ζK(v) =
2pihK
wK |DK | 12
(
1
u− 1 +
1
v − 1
)
ζK(u+ v − 1)− (2pi)2u−1|DK |
1−2u
2
×
∞∑
m=1
σ′1−u−v,vK (m)m
u−1
∫ 4pi2m
|DK |
0
t−uJ0(2t1/2)dt− (2pi)2v−1|DK |
1−2v
2
×
∞∑
m=1
σ′1−u−v,vK (m)m
v−1
∫ 4pi2m
|DK |
0
t−vJ0(2t1/2)dt.
4. Values of Dedekind zeta functions
The special values of Dedekind zeta functions attached to an arbitrary
quadratic number field is not completely known. In this section, we will
discuss about some closed formulae of Dedekind zeta functions attached to
both real and imaginary quadratic number fields at any positive integers.
Zagier’s result on ζK(2) is used to get these closed formulae.
4.1. A work of Zagier.
In [17], D. Zagier obtained a formula for ζK(2) attached to an arbitrary num-
ber field K and to state his result, we need to introduce the following real
valued function
A(x) =
∫ x
0
1
1 + t2
log
4
1 + t2
dt.
The precise result of D. Zagier for ζK(2) is the following:
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Theorem B. Let K be an arbitrary number field with discriminant DK ,
and let r1 and r2 be its numbers of real and complex places, respectively.
Then
ζK(2) =
pi2r1+2r2√
|DK |
×
∑
ν
cν
finite
A(xν,1) · · ·A(xν,r2).
Here cν ’s are rational numbers and xν,j ’s are real algebraic numbers.
This formula did not work for finding ζK(2m) with m ≥ 2. However, he
conjectured that in this case too, an analogous result holds. We need a more
general real-valued function to state the conjecture which appeared in [17].
For each natural number m, let Am be the real-valued function defined by
Am(x) =
22m−1
(2m− 1)!
∫ ∞
0
t2m−1
x sinh2 t+ x−1 cosh2 t
dt.
It is noted that the function Am(x) agrees with the function A(x) when
m = 1.
Conjecture 4.1 (Zagier). Let K be an arbitrary number field with discrim-
inant DK , and let r1 and r2 be its numbers of real and complex places,
respectively. Then ζK(2m) equals
pi2m(r1+r2)√
|DK |
times a rational linear combi-
nation of the products of r2 values of Am(x) at algebraic arguments.
In [17], he proved this conjecture for certain abelian number fields. More
precisely, he proved the following:
Theorem C. If K is an abelian number field, then Conjecture 4.1 is true.
In fact, the argument x can be chosen of the form x = cot pitN , where N is
the smallest natural number such that K ⊂ Q(e2pii/N ).
For m = 1, and for an imaginary quadratic number field K, Theorem C
reduces to the following simplest form:
ζK(2) =
pi2
6
√|DK | ×
∑
0<n<|DK |
(
DK
n
)
A
(
cot
pin
|DK |
)
, (4.1)
where the arguments of A(x) for gcd(n,DK) = 1, are of degree φ(|DK |) or
φ(|DK |/2) over Q, where φ(.) is Euler phi function. In particular, we have
the following:
(i) For DK = −7,
ζQ(
√−7)(2) =
pi2
3
√
7
{
A
(
cot
pi
7
)
+A
(
cot
2pi
7
)
+A
(
cot
4pi
7
)}
∼= 1.89484144897.
(ii) For DK = −3,
ζQ(
√−3)(2) =
pi2
3
√
3
A
( 1√
3
)
∼= 1.28519145388.
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In fact, D. Zagier expressed ζK(2) for an imaginary quadratic number field
K in a much simpler form in the same paper. More precisely, he proved:
Theorem D. Let K = Q(
√
DK) be an imaginary quadratic number field of
discriminant DK . Then
ζK(2) =
pi2
6|DK |
√|DK | ×
∑
ν
ην
finite
A
(
λν√|DK |
)
, (4.2)
for some finite collection of numbers ην ∈ Z and λν ∈ Q with
∏
ν
(
λν +√
|DK |
)ην ∈ Q.
4.2. Real quadratic number field. This section deals with a closed for-
mula for the values of Dedekind zeta functions attached to real quadratic
number fields. A closed formula for the values of Dedekind zeta functions
at even positive integers can be obtained from two prominent results. One
of them was given by Euler which entails the expression of zeta function at
even positive integers as
ζ(2n) =
(−1)n+1B2n(2pi)2n
2 (2n)!
, (4.3)
where B2n is the 2n-th Bernoulli number.
Let χ be any Dirichlet character with modulus f such that χ(−1) = 1.
Then we can derive the following relation from a result of H. -W. Leopoldt
(See, realation (12) in [10]):
L(2n, χ) = (−1)n+1 τ(χ)
2
(
2pi
f
)2n B2n,χ
(2n)!
, (4.4)
where τ(χ) is the Gauss sum associated to χ and B2n,χ is the 2n-th gener-
alized Bernoulli number associated to χ.
Let K = Q(
√
D) be a quadratic number field with discriminant DK .
The Kronecker symbol (DK/.) is a real primitive Dirichlet character with
modulus |Dk|. We denote this Dirichlet character by χDK and it’s associated
Dirichlet L-series would be
L(s, χDK ) =
∞∑
m=1
(DK/m)m
−s.
This is convergent in the half-plane σ > 0. We have
ζK(s) = ζ(s)L(s, χDK ). (4.5)
We now apply (4.3) and (4.4) in (4.5) to obtain
ζK(2n) =
τ(χDK )(2pi)
4nB2nB2n,χ¯DK
4((2n)!)2D2nK
, (4.6)
when K is real quadratic number field. Note that the closed form expression
of Dedekind zeta function of real quadratic number field at odd positive
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integers can not be obtained from (4.5) as the expression of L(s, χDK ) at
odd positive integers is still not known.
Let σ(1)(m) = σ′−2n−2,vK (m) and C =
hKRK
wKD
1/2
K
. We define
P (x) := G0,33,1
(
1, x, x
0,−
∣∣∣∣ DK4pi2me−ipi
)
,
Q(x) := G0,33,1
(
1, x, x
0,−
∣∣∣∣ DK4pi2meipi
)
,
and
R(x) := G0,33,1
(
1, x, x
0,−
∣∣∣∣ DK4pi2m
)
.
Substituting u = 2 and v = 2n+1 in (1.1) and then apply (4.6) to obtain the
following closed form expression for Dedekind zeta values of real quadratic
number fields at odd integers. More precisely we have:
Theorem 4.1. For a real quadratic number field K with discriminant DK ,
we have
ζK(2n + 1) =
C
ζK(2)
(
1 +
1
2n
)
τ(χDK )(2pi)
4n+4B2n+2B2n+2,χDK
((2n + 2)!)2D2n+2K
+
2(2pi)2
ζK(2)
D
− 3
2
K
∞∑
m=1
mσ(1)(m)
{
P (2) +Q(2) + 2R(2)
}
+
2(2pi)4n
ζK(2)
D
−1−4n
2
K
×
∞∑
m=1
m2nσ(1)(m)
{
P (2n + 1) +Q(2n+ 1) + 2R(2n + 1)
}
.
4.3. Imaginary quadratic number field.
In this section, we discuss a closed form expression for Dedekind zeta val-
ues attached to imaginary quadratic number fields. This expression for odd
positive values is derived from the following two important results.
Proposition 4.1 (Ramanujan’s Identity). For αβ = pi2, we have
α−n
{
1
2
ζ(2n+ 1) + S2n+1(2α)
}
= (−β)−n
{
1
2
ζ(2n+ 1) + S2n+1(2β)
}
− 22n
n+1∑
k=0
(−1)k B2kB2n+2−2k
(2k)!(2n + 2− 2k)!α
n+1−kβk,
where Sn(r) =
∞∑
k=1
1
kn(epirk−1) .
In [4], M. Chamberland and P. Lopatto obtained an explicit formula for
Riemann zeta odd positive values from Proposition 4.1. More precisely, they
obtained the following:
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Proposition 4.2 (Chamberland–Lopatto). For n = 4m− 1,
ζ(4m− 1) = −F2m−14
4m−2
Dm
S4m−1(pi) +
G2m−142m−1
Dm
S4m−1(2pi)
− F2m−14
2m−1
Dm
S4m−1(4pi), (4.7)
and for n = 4m+ 1,
ζ(4m+ 1) =− 16
m(G2m16
m) + 2Em
(−1 + 16m)Em S4m+1(pi)
− 2G2mKm16
m(2 · 16m − (−4)m + 1)
(−1 + 16m)Em S4m+1(2pi)
− G2m16
m + 4G2m16
mKm + 2Em
(−1 + 16m)Em S4m+1(4pi), (4.8)
where
Fm =
m+1∑
k=0
(−1)k B2kB2m+2−2k
(2k)!(2m + 2− 2k)! ,
Gm =
m+1∑
k=0
(−4)k B2kB2m+2−2k
(2k)!(2m + 2− 2k)! ,
Dm = 4
2m−1[(42m−1 + 1)F2m−1 −G2m−1]/2,
Km =
1
2(1− 42m)
1 + (−4)m − 24m+1 ,
Em =
42m
2
G2m − 24m+1KmHm − 24mKmG2m,
Hm =
m∑
k=0
(−4)m+k B4mB4m+2−4k
(4k)!(4m + 2− 4k)! .
Let χ be any Dirichlet character with modulus f such that χ(−1) = −1.
In that case H. -W. Leopoldt [10] obtained the odd L-values,
L(2n+ 1, χ) = (−1)n+1 τ(χ)
2i
(
2pi
f
)2n+1 B2n+1,χ¯
(2n + 1)!
, (4.9)
where τ(χ) is the Gauss sum associated to χ and B2n+1,χ is (2n + 1)-th
generalized Bernoulli number associated to χ.
We can find the closed formulae for ζK(4n−1) and ζK(4n+1) by applying
(4.7), (4.8) and (4.9) in (4.5).
It is noted that the closed form expression for Dedekind zeta values as-
sociated to imaginary quadratic number field at even positive integers can
not be obtained from (4.5) as the expression of L(s, χdK ) at such integers is
still not known. Substituting u = 2 and v = 2n in (1.2) and apply the above
obtained closed form expressions for ζK(4n − 1) and ζK(4n + 1) to get the
closed form expression for ζK(2n).
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5. Concluding remarks
D. Zagier in [17] asked the following questions related to Theorem D:
(Q1) Whether there is a formula of the type Eq. 4.2 for ζK(4), ζK(6), etc
attached an arbitrary imaginary quadratic number field K?
(Q2) Whether Theorem B can be sharpened similar to Theorem D for any
arbitrary number field?
He also remarked that the answer to this question is possible if one can
prove Theorem B and Theorem D by the method of analytic number the-
ory. Here, we have obtained the closed form expressions for ζK(m) attached
to an arbitrary quadratic number field K at any positive integer (m ≥ 2).
We believe that these closed form expressions can be useful to provide satis-
factory answer to (Q1). We also believe that one can obtain the analogous
closed form expression for higher degree number fields which will be helpful
to answer (Q2).
We conclude by making the following comments:
(1) It could be possible to determine special values of Dedekind zeta
functions for any quadratic number fields from the explicit closed
formulas. But, this would involve the evaluation of Meijer G-function
and other complicated terms.
(2) One can obtain approximate functional equation for the product of
two Dedekind zeta functions in the critical region by following the
arguments of J. R. Wilton [16].
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